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On the Stability of Symbols for the Learning 
and Teaching of Mathematics 
MALIGIE SESAY 

The advantages of using symbols This article, based on the author's Ph • D. thesis, develops an 
argument on the advantages of using symbols, the limitations 
in their use, and their stability for the learning and teaching 
of mathematics 

Two examples will be used to highlight the advantages of 
using symbols and motivate the reader to consider my ap
proach in discussing the stability of symbols 
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EXAMPlE I 

Let us consider a symbol such as: 

SolveS"- 10. 

I his symbol stands for some mathematical idea called an 
equation, and what we want is another mathematical idea 
called a solution which the above symbol has instructed us to 
produce. We retum to the symbol system to see if manipulat
ing the system can help us obtain a symbol which can be 
interpreted as a solution, a mathematical idea 

The symbol can stand for something else, a relation or 
function called exponential: another mathematical idea which 
is not entirely independent of that of an equation But, having 
hit on the exponential idea, we may then continue within the 
demain of ideas to connect it to another mathematical idea 
called the inverse function or logarithmic function Next, we 
transfer to the system of symbols to search for a way of rep
resenting this mathematical idea so that it shows the relation
ship with exponential functions which we have imposed 
within the demain of ideas. At the purely symbolic level we 
then transform Y - 10 to x - log5 10 We now have another 
symbol derived from the given symbol, and this can be re
lated to the mathematical idea of a solution 

Now suppose the symbol 

SolveS"- 10 

is accompanied by another symbol: 

Hint: log,(5') - log,IO [Quotation from School 
Mathematics Project 
(SMP) Book 5] 

This second symbol is of help only if we can handle it in such 
a way that an appropriate relationship exists between it and 
the first symbol 

We have already derived x - log5 10 without the hint as a 
symbol which represents the mathematical solution The hint 
forces us not to limit ourselves to symbols such as defini
tions, but to use symbols which have to do with mathematical 
ideas or properties of logarithmic functions Then we come 
back to the symbols and manipulate them to get 

log,(5') - x log,(5) - log,IO - I 

i e x - lllog,o5 

Note that the symbol.x - l/log105 is not the same as the sym
bol x - log510 .. Do they representthe same mathematical idea 
-a solution for the given equation? The answer is, of course, 
in the affirmative because both satisfy the equation, thus 

5logs10 = 10 and 1/5logs 10 = 10 

But this sameness we have mentioned can be used to generate 
more symbols, relations and ideas which may not seem to 
bear any relationship to the symbol and the idea we started 
off with. For instance, the two solutions being the same im
plies that 

lllog105 -Iog5 10orlog5!0 x log,5- I 

This is still the symbol ofan equation, but it happens here to 
be a particular case of a more general law, namely: 

Iog,a x log)> - I 
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In other words, it means that when we interchange the bases 
and the arguments the product of the two logarithms gives I 

I here is an important relationship which runs right through 
this example, and it is that between the sumbols for exponen
tial and logarithmic functions and the ideas they represent 
The use of exponents to define logarithms is essential in or
der to connect the symbols as well as the mathematical ideas 
behind them 

Sometimes symbols take a form with which we cannot 
identify ideas known to us. When this happens, what may be 
intended to be a hint may give the student no room for ma
noeuvre, and create problems of understanding a given situ
ation The advantage of the hint only exists for a student when 
he is capable of handling the given or chosen symbols and 
establishing the relationships between them, and can then 
transfer these activities to the mathematical ideas for which 
the symbols stand The process of transferral should establish 
a correspondence between the symbols and mathematical 
ideas This is what the learning and teaching of mathematics 
must pay attention to. It is not an easy task The student has 
to be guided in this direction, and it may require more time 
than we usually allow if what is needed is something close to 
a perfect match between symbols and the mathematical ideas 
they represent. 

This example brings us to a serious problem in school 
mathematics. It is believed by some reformers that by simply 
connecting symbols called "topics", using some other sym
bols called "unifying topics", the teacher or his student will 
be able to remember the mathematical ideas which the con
necting topics represent. In the light of the preceding exam
ple some reservations ought to be mentioned in connection 
with this procedure The connected symbols presented by 
writers may have relationships for them which are not the 
same as those a student and teacher get from the symbols 
The outcome in this case is a mismatch. Even if they agree 
on the relationship between the symbols, they may not be able 
to agree on the mathematical ideas represented or the rela
tionship between the ideas Let us take another example 

EXAMPLE2 

Solve a pair of simultaneous linear equations, such as 

4x- 5y- 5 
?x- 9y- 8 

Sometimes students will be able to recognize the possibility 
that this symbol can be transformed into another symbol 
without changing the mathematical ideas it represents For 
example, one student may transform it into a matrix equation: 

whereas other students will never see this possibility. another 
student may be able to produce three or more procedures for 
manipulating the given symbol because there is no restriction 
as to which transformation to use. He may decide to use func
tions and manipulate these with the aid of other symbols with 
the name of "inverse elements" 

For the vector or matrix representation, we need to find the 
inverse matrix, if it exists, of the matrix of coefficients, and 
employ matrix multiplication to find a solution If a hint is 



given to use, say, the graphical method, then a restiiction is 
not only imposed but a problem created - that of fmding an 
appropiiate relationship between the hint and the given equa
tions, and then to manipulate these symbols to get one which 
will represent the solution When symbols are left uncon
nected and then manipulated, as is often done, the difficulty 
caused by this style of handling symbols can be grave When 
there is an emphasis on relationships and the connections be
tween symbols, we may not be any better off if the relation
ship we are looking for is a perfect match between symbols 
and mathematical ideas I feel compelled to take exception to 
the popular thinking that when unity and relationship are 
forced on mathematical topics this implies the existence of 
relationships between the mathematical ideas behind the 
symbols, and that these ideas and topics are better retained 
and remembered I prefer to think of relationships and sym
bols only in terms of the persons for whom the symbols stand 
for some mathematical ideas . 

The formation of relationships, as I have said, needs some 
guidance For the student this must come from the teacher 
and his previous experience It is personal, and sometimes 
one has to search previous expeiience for something that will 
help transform the given symbol and show a relationship in
ternal to it, or its relationship to some mathematical idea. 
Can there be criteria acceptable to writers, teachers and 
learners for fanning the relationship internal to a model, or 
to a piece of mathematics it represents? What we may con
sider as acceptable for the author may not be helpful to stu
dents or teachers. When the author is the same as the teacher, 
the situation involves only one more element, the student, but 
we still have to think of criteria of acceptability for this situ
ation, or even among a group of writers. 

The integration of school mathematics 
The question raised above has to do with the integration of 
school mathematics and the problems attached to such inte
gration. A critical look at this situation will not be inter
preted, I trust, as an opposition to the integration of school 
mathematics. 

The introduction of notions of relations and functions 
creates a new conception of logarithms not known in tra
ditional school texts, just as the introduction of coordinates 
creates a new conception of the cosine, sine and tangent of 
angles. The ratios of ttaditional trigonometry are trans
formed into graphs, functions and coordinates of points in 
such a way that the traditional teacher may find that trig
onometry has been suppressed in the process of embedding 
it in other topics. 

In the case of embedded schemata, the structure of a 
schema is given in terms of its relationships with other 
schemata In some cases schemata can be embedded within 
themselves; subschemata are represented by the schemata 
in which they appear: the dominating schemata. The suc
cessive dependence of a schema on subschemata must end 
with atomic or primitive schemata which represent unana
lysable conceptual components of human knowledge These 
cannot be drawn from experience alone . Thus our entire 
knowledge would appear ultimately to rest on a set of atomic 
schemata. 

It is possible for symbols to depend on subsymbols in a 

particular text, just as Davis and others have described the 
dependence of a schema on subschemata. In some other 
text what may appear as a superordinate topic is an isolated 
topic without bearing any direct relationship to any other 
topics. In thinking about symbols and how they are related 
to other symbols and to the mathematics corresponding to 
them, we have prepared the way for considering possible 
advantages derivable from the manipulation of symbols in 
teaching and learning. In teaching, much as we should have 
our mind set on isolated ideas, it should also be set on how 
these ideas are connected or can be connected If we are 
going to use symbols for these ideas, it seems appropriate 
for the mind to operate with the symbols as it does with 
the ideas they represent. Davis et al. [(1978), p. 57] have 
made the following comment, which I think is in support 
of the view expressed above: 

leaching has the highly peculiar property that one is 
more-or-less simultaneously trying to get the learner 
to develop the subschemata . at the same time that he/ 
she is developing the organisational schema. .In fact 
"meaningful learning" reaches in both directions: 
"downward" to previous experience (which may or 
may not be "more concrete") and "upward" to or
ganisational or relational schema If the "downward" 
schemata are not well-developed, the student gets the 
feeling that he/she is dealing with meaningless "sym
bol pushing". If the "upward" organisational sche
mata are not being developed, the student cannot see 
"where all of this is leading", "how it all fits to
gether''. 

I he point about organisational or relational schemas, as 
they relate to symbols, should be thought of as a problem 
situation in which we have selected to manipulate symbols 
so that they reveal features which can 'hardly be accessible 
to us if we decide to operate with the objects themselves, 
which the symbols represent It is not a question of one 
simple symbol; it has to do with the dynamics internal to 
the symbols and their referents, which are mathematical 
ideas and objects, and the dynamics external to symbols 
and mathematics 

TWO ADVANTAGES 

Mathematical knowledge can be assimilated in terms of 
its major constituents without necessary reference to the 
internal structure- and relationship of the constituents 
themselves. Yet deeper understanding can be achieved if 
reference is made to the internal relationship between these 
constituents, This is one major advantage of focusing at
tention on the unification of mathematics Symbols are used 
to represent it as one whole But too great a stress on this 
without reference to the parts of both symbols and mathe
matics may deprive the symbols or the mathematics they 
represent of depth in understanding . 

A second advantage is economy, which may help writers 
reduce the number of variables not of interest to provide 
space for those of interest. Mathematical structures and re
lationships have sometimes been given a special place for 
their use in the reduction of variables, symbols and their 
manipulation For example, it is possible to impose the 

41 



same structure on equations of the form: 

ax ~ b 
and AX ~ B 

where the elements of the first are real numbers and those 
of the second are matiices. This may have, as a conse
quence, the suppression of the differences between the ele
ments and the operations so as to obtain a perfect match 
between the two equations . This may be successful at the 
writing level, but can it really be achieved in a teaching 
situation? If it is not possible to have such a perfect match 
between structures and relationships of symbols on the one 
hand and mathematics on the other, what then are the im
plications of this for the teaching of mathematics from text
books which rely heavily on structures and relationships as 
models for making mathematics accessible to students? We 
shall now turn to problems of attempting a perfect match 
between symbols and the objects they represent 

The texts which present this approach have the unusual 
feature of forcing connections and relationships between 
topics, and in doing this they set criteria or standards which 
implicity suggest that the student or the teacher has no al
ternative but to accept the particular relationships provided 
But these symbols and their relationships are aimed at pre
senting a perfect match between symbols and mathematics, 
a match which is known only to the writer and not neces
sarily to the students. It can be argued that when the teacher 
intervenes, the intervention introduces some stability to the 
models which have been provided by the writer for the 
students. This implies a matching which may not be perfect 
between student and writer, but comes about because the 
teacher acts in his teaching as a stabilising factor This will 
be the case provided the teacher is not so close to the writer 
or to the students as to make the stability he is supposed to 
provide a destabilising activity instead. His dilemma is that 
he has to maintain a balance between himself, the writer,and 
the students, in his use of a textbook. He must also maintain 
a balance between the set of symbols available to the each 
person and the ideas the symbols hold; for the students these 
may not all be mathematical The student's experience may 
not have involved situations where only a perfect match 
exists between mathematical symbols and ideas, and since 
this requirement is an essential aspect of mathematics and 
mathematics teaching, a teacher who has accepted the unity 
given to mathematics in a textbook has to choose between 
following the text strictly and doing things as the writer 
suggests, or departing from this and working on the expe
rience and language available to the students 

The first choice amounts to encouraging misunderstand
ing and confusion over the representation of mathematical 
ideas by the symbol systems of mathematics .. The teacher 
may insist on a perfect match to be made by the student 
(From the point of view of the writer this is a reasonable 
thing to do .. ) 

The second choice open to the teacher invites him to 
provide the student with experience, not necessarily math
ematical, but essential for an understanding of the mathe
matical symbols in the textbooks and the ideas for which 
they stand This kind of teaching rna) not lead to a perfect 
match, but may go a long way to develop the students' 
confidence to handle symbols 
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If we show a strong preference for teaching relationships, 
it should not be for mathematical ideas only, but also for 
the symbols which represent these mathematical ideas But 
if we take this line, how shall we handle the practical ques
tions of writing and designing a textbook, or the classroom 
decisions about the use of symbols such as textbooks for 
teaching mathematics? 

I have elsewhere [Sesay, 1980] discussed at some length 
the problems encountered by the SMP authors in their prep
aration of the SMP 0-level syllabus and textbooks* It is 
not possible to include in this article an analysis of the 
idiosyncratic characteristics and styles of individual writers 
as revealed by the experimental drafts but suppressed in the 
published textbooks So I will simply touch on the content 
of the published textbooks to support some of the points 
raised in the foregoing remarks on the integration of math
ematics 

The content of Books I to 5 includes such topics as func
tion, relations and networks, which topics are not found 
independently in Books T and T4. The SMP authors of 
Books I to 5 use these topics to unify the content of Books 
T and 1'4. 

The topic of logarithms, for instance, was probably onrit
ted in Books I and T4 because the authors did not want to 
use them as a computational tool There was already in the 
textbooks a topic - the slide rule - which would do that 
job Besides, the authors did not believe in emphasizing 
computational skills As a consequence, logarithms were 
banished 

The writers of Books I to 5, mainly grammar school 
teachers, created a new conception of mathematics which 
did not deny logarithms a place but ensured that they were 
not to be introduced as computational tools 'The writers 
suppressed this aspect of logarithms by introducing them 
through the example of a function whose inverse is the 
exponential function . 

A topic such as transformation geometry in Books I to 5 
is related in different ways to other topics like matrices, 
networks, and relations or mappings. Relations are the start
ing point for introducing networks, and networks and 
matrices appear as two ways of describing relations 

The relationships between these topics and their subor
dinate topics may not be clear for all to see how they are 
related to the mathematics they represent. Some topics are 
so embedded in others that we hardly appreciate their 
significance or the true mathematical ideas behind them. 
Another example of this embedding is found in the SMP 
textbooks treatment of trigonometry 

Limitations in the nse of symbols 
There are limitations which make the notion of a "perfect 
match" unattainable. The examples we are going to give 
support this view, and they have some implications for au
thors ofmathematics textbooks, which force unity on math
ematics and make it impossible for teachers and students to 

*Ihe School Mathematics Project is an experimental project which started 
in England in 1961 Books 1 to 5 cover the first five years of a secondary 
school course; Books T and 1'4 are transitional books for students be
ginning the Project in the third year of the secondary school (the latter 
were published first) 



appreciate the value of instrumental activities within the 
relational fiamework of mathematics provided by the texts 
The suppression of instrumental activities implies the re
duction of mathematics, and what the textbook represents 
is not sufficiently adequate Teaching must pay attention to 
the advantages of using symbols as well as to the disad
vantages 

FIRS' I LIMII A II ON 

We begin with what Polanyi [1973, p 88] calls "ineffable 
knowledge" This is a knowledge we have of something 
and which we can describe even less precisely than usual, 
perhaps only very vaguely He uses the example of riding 
a bicycle to demonstrate that there are things we know but 
we cannot say clearly how we do them, but that such a 
defect will not prevent us from saying that we know what 
we do .. A guess or conjecture which turns out to be correct, 
and for which language is not precise enough to demon
strate an argument in support of the conjecture, is what 
comes to my mind immediately, as an example of what 
Polanyi is saying . Often it is something we are very much 
engaged in, for instance teaching mathematics, but when 
questions are posed about mathematics teaching we are at a 
loss for words to describe precisely what we are engaged in . 

In working with students on sequences, I usually start the 
topic with lots of examples, taking great care not to get 
down too quickly to notations, definitions and proofs of 
theorems.. Students are encouraged to give the first few 
terms of a sequence. When they begin to develop confi
dence in this activity of listing terms of the sequence, one 
wants the students to be able not only to list terms of the 
sequence but to give, when possible, the nth term of the 
sequence and reduce the tedious task of listing Most stu
dents find this very difficult to do, even though enough 
time has been devoted to work involving the listing of terms 
Some students require considerable practice to be able to 
give the nth term; for others it comes immediately and 
almost naturally, but when asked to explain how they have 
arrived at the relationship, or why they think what they have 
arrived at is the required relationship, they have difficulties 
in demonstrating the relationship they have given Modern 
school mathematics may give indications of showing how 
to deal with such difficulties, but I am not sure that the 
demand for reasons to explain not only what we do but why 
we do it will be adequate for eliminating such difficulties. 

In traditional mathematics these difficulties showed 
themselves in the way symbols such as rules, examples, 
definitions and proofs of theorems were taught The out
comes was that students were able to use the rules or prove 
theorems but could not possibly say anything about their 
knowledge, or identify the theorem or its proof when the 
language of the theorem was slightly altered Although it 
was not within their power to say clearly how they proved 
a given theorem, nor how they recognized it, this would 
not stop them from saying that they knew how to prove the 
theorem and how to identify it 

The steps and arguments might be known in an instru
mental manner, but they might not be known as far as the 
relationship between the steps and arguments were con
cerned .. Teachers would say that students knew these mat
ters even though they could not tell clearly, or hardly at all, 

what it was that they knew. It was difficult to test, or rather 
match, what was known by observed perfmmance. It is 
even more difficult today to do so 

The difficulty of testing, or rather matching, what is 
known about these examples lies in the fact that the match
ing can only be done by accepting the final thing offered 
- a performance - as a representation of what is known 
without getting down to the details of the representation 
In an attempt to handle this situation, modern mathematics 
texts demand that students give reasons for what they do. 
The writers of such texts are convinced that the ability to 
explain why the examples and principles used work will 
lead to understanding mathematics. But this is not always 
the case. While writers are interested in understanding, some 
teachers and students are engaged in work that will lead to 
an awareness of a kind of knowing, which includes inef
fability and which may be less demanding than understand
ing. So a representation which may be complete judged by 
the knower's standard becomes incomplete for some writ
ers, who prefer a better matching that will bring to the 
surface the details to be characterised as an act of under
standing. 

In the past, proof was central and important, just as rules 
and examples were, and geometry, algebra and arithmetic 
were vehicles for promoting the manipulation of these sym
bols in teaching mathematics It meant and still means to 
some teachers the reproduction of a solid and constructive 
mathematical argument supported by axioms and defini
tions The stability implied by this reproduction of symbols 
was apparent For as soon as such activities were followed 
by questions of how and why things work the way they 
did, then the reproduced rules or proofs of theorems became 
unstable This petturbed state of the representation created 
a corresponding perturbation of the mathematical ideas for 
which the rules or proofs stood 

Present-day mathematics teaching requires the use of 
symbols and models which are structurally stable, and some 
of these models do not reserve a special space for proofs 
and rules, as was done in the past. There are, on the one 
hand, activities such as explorations, experimentation, ar
guments and discussions designed to give learners an op
portunity to create their own symbols which will represent 
mathematical ideas for them On the other hand, another 
aspect of the work focuses on activities that will lead learn
ers to appreciate a structural approach to mathematics, and 
it is expected that these symbols will represent mathematics 
as a unified subject. The difficulty with this approach is 
that if the exploration of the constituents of mathematics 
receives more attention than the texts suggest or require, 
we may not be able to articulate mathematics as a unified 
whole. 

SECOND liMITATION 

Polanyi [1973, pp .. 88-89] gives another example of a lim
itation in articulation which will be useful to us It has to 
do with our attempt to grasp the relationship of the partic
ulars ofour know ledge which jointly form a whole In this 
example, which he takes from the subject matter of topo
graphic anatomy, the ineffability applies to the relationship 
and whole object and not to the particulars which, in this 
case, may be explicitly specifiable, but we may not be able 
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to tell explicitly what the relationship is between all these 
particulars which we explicitly know Here is the example 

Ihe major difficulty in the understanding, and hence 
in the teaching of anatomy, arises in respect of the 
intricate three-dimensional network of organs closely 
packed inside the body, of which no diagram can give 
an adequate representation Even dissection, which lays 
bare a region and its organs by removing the parts 
overlaying it, does not demonstrate more than one as
pect of that region It is left to the imagination to 
reconstruct from such experience the three-dimen
sional picture of the exposed area as it existed in the 
unopened body, and to explore mentally its connec
tions with adjoining unexposed areas around it and 
below it 

In trying to give further illustration of this difficulty, he 
argues that the limitation cannot be removed by assuming 
that our bodies are all identical and proceed from that as
sumption to map out the body by reducing it to several thin 
slices which can be memorised precisely by the student He 
observes that this mapping of the body will provide the 
student with a set of data which will fully determine how 
the organs are spatially arranged in the body. Yet the spatial 
arrangement itself will remain unknown to the student The 
cross-sections which ke knows will be useless to him if he 
cannot use them and interpret them to yield an arrangement 
not yet known to him 

while, on the other hand, had he achieved this to
pographic understanding, he could derive an infinite 
amount of further new and significant information from 
his understanding, just as one reads off itineraries flum 
a map. Such processes of inference, which may in
volve sustained efforts of intelligence, are ineffable 
thoughts .. [Polanyi, 1973, p 89] 

This example and that of riding a bicycle will suggest a 
model for describing the problems of representing mathe
matical know ledge With either the system M of mathe
matical ideas, or the system S of symbols corresponding to 
them, we associate the following: we shall use the letrers 
P for the set of particulars, R for the set of relationships 
between the particulars P in M or S Then from Polanyi 's 
example, in which M corresponds to the human body and 
S to its sections, his argument suggests that the difficulty 
in understanding is in the assumption that we can reduce 
the human body (M) to a form (S) in which our focus of 
attention is on P The relationship, R, we get leading to 
this form will never be the same for both M and S It is the 
reverse in the example of riding a bicycle In this case the 
cyclist can ride the bicycle; he says it and knows it. So M 
and S agree, but he cannot tell you the particulars, P, of 
this is S 

While R is the source of the difficulty in the first ex
ample, P is the source of difficulty in the second example. 
It would seem that a difficulty with either of these will 
present some problem and make it almost impossible forM 
to be accessible through S It is not always possible to have 
a one-one correspondence between P's, R's, M and S. A 
one-one correspondence between S and M would imply a 
perfect match 
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The stability of symbols 
The question about representing mathematical ideas in text
books as a unified subject is no different from the problems 
faced by teachers in trying to give the textual presentation 
some form believed to be suitable for teaching We can 
think of stability in different ways and with respect to dif
ferent persons For instance, when the form a teacher be
lieves is suitable for teaching is very much the same as the 
textual presentation we may then say that the teacher's rep
resentation is stable with respect to that of the writer, but 
this does not necessarily imply stability of either the math
ematical ideas or stability with respect to the student's ex
periences. The mathematical content which the two 
representations carry may not be the same, although this 
may appear to be the case If the systems M do not corre
spond for both teacher and writer, then they must be fo
cusing attention on different aspects of M, although Sis the 
same for both . I his means that there is a mismatch between 
M's for both If the teacher is also the writer this kind of 
mismatch is unlikely, and our concern is with what goes on 
when the writer acts as a stabilising factor. This may help, 
but the possibility of mismatch still exists .. A match or mis
match between M and S or even between symbol systems 
which are available to all - students, teachers and writers 
- depends on how the teacher manipulates P and R to 
interpret M through S Just as P and R exist for the symbol 
systemS, so do they exist for the objects the symbols rep
resent Stability must not be looked upon only in terms of 
symbols and relationships of parts to a whole, but also in 
terms of corresponding objects and their relationships to the 
whole .. The stability internal to the system S of symbols, 
or system M of mathematical ideas, we may refer to as 
internal stability, and that which exists between M and S 
we may call external stability 

The problem for the teacher using a unified text is that 
of working on all these kinds of stabilities so that teaching 
provides a space for these and those known to the student 
only in terms of his previous experience, which has been 
provided by his society. The teacher certaiuly requires skill, 
but he will always fall below the expectation of the writer 
if he is required to provide a perfect match .. The result will 
be a mismatch of some kind between the writer and the 
teacher, and the writer will frown on the teacher's distortion 
of the symbols he has provided .. This may be an advantage, 
for it may mean a minor perturbation of the relationships 
between symbols and objects known to the student. So while 
at one extreme we have an unstable situation between 
teacher and writer, at the other we have a stable situation 
between teacher and student. Internal correspondences not 
ouly show up, they support the external correspondences 
for both M and S, as perceived by both teacher and student. 

The extreme kind of distortion may be irreversible and 
creates a situation in which symbols become independent 
of objects and even fail to show external stability Mapping 
or matching symbols to mathematical ideas may have se
rious defects, and the examples we have used to illusllate 
this may seem to be extreme cases, but they give us an idea 
of what is really involved As soon as we pass from the 
mapping of objects in a system of mathematical ideas onto 
symbols or objects in a plane to mapping them onto objects 
on a curved surface, we begin to realise that the image is 



a distortion of the object. This distortion may be violent in 
some cases and we may not be able to perceive what prop
erties of the objects are preserved or any relationship be
tween object and image.. Often all we depend on is the 
image, for the object itself is not accessible to us, but this 
is really an advantage rather than a disadvantage . Polanyi 
[1973, p. 89] has expressed the situation as follows: 

We can map the whole surface of the earth on a flat 
sheet of paper only in the fmm of a distorted projec
tion, while its representation by a globe is clumsy and 
shows only one hentisphere at a time .. This inadequacy 
is increased to the level of impossibility when we come 
to an intricate three-dimensional anangement of closely 
packed opaque objects. Diagrams and demonstrations 
of instructive aspects of the aggregate will now merely 
offer clues to its understanding, while understanding 
itself must be achieved by a difficult act of personal 
insight, the result of which must remain inarticulate 

Implications for teacher training. 
We are using examples here to highlight the problems of 
representing objects in general .. These can be seen not only 
in the teaching and leaming of mathematics, but also in the 
writing of textbooks or even the training of teachers It can 
be observed, bearing in mind the examples we have taken, 
that it is not possible, OI even helpful, to claim that the 
articnlated rules and fmmats we give teachers will fully 
disclose the already known or tacit parts of the art of teach
ing . Whatever form the rules and fmmats take they are 
likely to ignore important particulars or state relationships 
that are not trnly representative of teaching. Difficnlties 
may not exist if all concemed are interested in the partic
ulars and these enable the teacher to be in control of every 
aspect of what is done or known But a new lintitation may 
arise when he does not understand or know how to derive 
the relationships from the particulars of which he is in con
trol 

One reason for this difficulty is that the final task of 
determining how things fit together in a classroom situa
tion, or of developing a relationship between the format 
which has been offered and actual teaching, is left for the 
teacher to struggle with Formal guidance when offered 
may not be very helpful; it may interfere with the work of 
the teacher 

In the light of these lintitations and inadequacies, it is 
reasonable to ask how helpful, useful and appropriate are 
books and fmmats for teaching and for representing math
ematical knowledge It seems that their usefulness and ap
propriateness depend entirely on om ability to adjust them 
to the various things to which they refer. This implies that 
the objects being mapped, the conception which the map
ping suggests and the experience on which it bears must 
all be able to withstand (or adjust to) perturbations and dis
tortions which are introduced by the mapping and those 
using it. 

If a symbolic representation is going to be stable with 
respect to what it represents, then two other factors must 
always be involved: the conception which the symbol sug
gests and the experience on which it bears .. A constant ad
justment between these three is needed if the symbol is to 
be stable with respect to the object it represents 

Concluding remarks 
We must not be tempted by the lintitations I have pointed 
out into rejecting the use of symbols fm representing math
ematical ideas. There are gains to be made by transfening 
our thoughts to some mode of representation and these seem 
to outweigh the difficulties that accompany such transfer if 
we constantly adjust the symbols to our conception of math
ematical knowledge and the experience bearing on this 
knowledge. 

Unintended perturbations of our symbol systems will al
ways accompany our operations with them, and some of 
these perturbations can be very severe, especially when we 
have not created the symbols, or when we have to handle 
some symbols fm which our conception is blmred and there 
is no experience to refer them to 

These are hUIDan difficnlties arising from the complex 
systems of symbols we have constructed to enable us to 
represent and interpret experience .. Since we cannot do away 
with such systems, as other animals can afford to do, we 
must be capable of taking om symbol systems through a 
process of adjustments We sometimes ffee ourselves from 
one system of symbols and transfer our activities to a new 
system, so that our practice of mathematics and mathemat
ics teaching is never completely free from perturbations 
The new system is always an extension of some old system 
It evolves as a result of re-interpreting mathematics in the 
old system in terms of a new system, entailing an adjust
ment of our conception of it and our experience with it 
The stability of the system depends on such adjustments as 
we operate with its symbols 

It is hard to conceive of mathematics or the teaching of 
mathematics without symbols and operations with these 
symbols If teachers cannot do without ·these, as I believe 
we cannot, we should be prepared to mn the risk that ac
companies the use of symbols 

The ntind which entmsts itself to the operations of 
symbols acquires an intellectual tool of boundless 
power; but its use makes the mind liable to perils the 
range of which seems unlintited [Polanyi, 1973, p 
94] 

It seems to me that the use of symbols allows the mind to 
operate in two domains. One of them is unstable and risks 
are aSsociated with operations in such a domain. Our task 
is to reduce this domain of instability and extend the domain 
of stability so that we create in students an awareness of 
the power of symbols and the way in which they function 
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